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INTRODUCTION
The goal of this paper is to start to present a systematic presentation
theory for pro-finite groups.
Ž .Let G be a fixed finitely-generated pro-finite group and P a free
presentation of it; i.e.,
P 1 R FG 1Ž .
is an exact sequence when F is a finitely generated free pro-finite group.
Ž . Ž .We write d F for the minimal number of generators of F and d R forF
the minimal number of generators of R as a normal subgroup of F.
 In G2 Gruenberg presented a systematic study of presentation theory
Ž .of a discrete group G mainly for a finite group G and presented three
basic problems:
Ž .QUESTION 1. Given P 1 R  FG 1 for i 1, 2, when F isi i
Ž . Ž .a free group, is then d R  d R ?F 1 F 2
It is known that in the discrete category the answer is negative for
infinite groups, but it is still an open problem for finite groups.
Ž .QUESTION 2. Let r G be the minimum of the number of relations
Ž .  Ž . needed to define G; i.e., r G min d R FRG, F a finitely gener-F
4 Ž . Žated free group . Is r G realized by a minimal presentation i.e., one in
Ž . Ž ..which d F  d G ?
This is also still open for finite groups.
Ž . Ž .QUESTION 3. Is d R  d F independent of the presentation GF
FR and therefore an invariant of G?
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Of course, an affirmative answer to Question 3 implies the same to
Questions 1 and 2. Again, for discrete groups, it fails for infinite groups
and is unknown for finite groups.
We will give a complete answer to all three questions in the category of
Žpro-finite groups: The answer to Questions 1 and 2 is positive Corollary
.2.3 and Corollary 2.5, respectively . The answer to Question 3 is almost
Ž .always yes, but not always. We call a pro-finite group G with d G  d a
 d-abelian-indexed group if, for every finite index subgroup H, H H, H is
ˆ r Ž . isomorphic to  with r 1 d 1 G : H . We then prove
Ž .THEOREM 0.1. Let G be a finitely generated pro-finite group with d G
 d.
ˆŽ .a If G is not d-abelian-indexed, or if G F , then for eery freed
Ž . Ž . Ž . Ž .presentation FR of G, d F  d G  d G  r G . In particular, it is anF
inariant of G, independent of the presentation.
Ž .b If G is a d-abelian-indexed group but not free, and FR is a
presentation of G, then:
Ž .i
d F  d R  d 1 if d F  d.Ž . Ž . Ž .F
Ž .ii d F  d R  d if d F  d.Ž . Ž . Ž .F
 Ž .Theorem 0.1 answers also a question asked in GK, 1.6 . The answers
to Questions 1 and 2 occupy Section 2, and Question 3 is treated in
Ž .Sections 3 and 4. In Section 5, we give a formula for r G by means of the
second cohomology groups of G: For a finitely generated pro-finite group
Ž .G, with d G  d, denote
2 1dim H G , M  dim H G , MŽ . Ž .
h G  sup sup  d  ,Ž . M½ 5dim Mp M
 where M runs over all the finite  G -simple modules,   0 if M isp M
 the trivial module and  1 if not, and for a real number q, q denotes
the smallest integer which is at least q. Imitating methods and results of
 G2 we prove
Ž . Ž .THEOREM 0.2. r G  h G unless G is d-abelian-indexed and not free,
Ž . Ž .in which case r G  1, while h G  0.
Theorem 0.2 yields a cohomological characterization of finitely pre-
sented groups:
THEOREM 0.3. A finitely generated pro-finite group is finitely presented if
and only if there exists a constant C such that, for eery prime p and eery
  2Ž .finite simple  G -module M, dim H G, M  C dim M.p
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This extends the well-known result that a pro-p group is finitely pre-
2Ž .sented if and only if dim H G,  is finite. For a projective pro-finite Pp
2Ž .group H P, M  0 for every M, so P is always finitely presented. A
direct proof of this result is presented in Section 1.
Preliminaries
In this paper we are mainly interested in pro-finite groups, so unless
stated otherwise ‘‘groups’’ means pro-finite groups and subgroups means
closed subgroups.
Let C be a class of finite groups, e.g., p the class of p-groups,
S the class of solvable groups, or A the class of all finite groups. A
Ž .pro-finite group G is pro-C if all its finite continuous quotients are in C.
Ž .A subset X generates G topologically if the abstract group generated
by X is dense in G. If X is of size d and no subset of G of smaller size
Ž .generates G, we write d G  d. If a group F acts on a group R, we write
Ž .d R for the minimal number of generators of R as an F-group. So, ifF
Ž .G FR then d R is the number of relations needed to define G as aF
quotient of F. If F is a finitely generated free pro-finite group and
Ž .G FR, then G is finitely presented iff d R  . If H is a finiteF
index subgroup of G, then G is finitely presented if and only if H is.
 For a pro-finite group G, G or G,G denotes the closed commutator
subgroup of G.
1. PRO-FINITE AND PRO-C PRESENTATIONS
In this section we give the basic definitions of pro-finite and pro-C
Žpresentations when C is a class of finite groups e.g., p-groups, solvable
.groups . We show that finitely generated projective pro-finite groups, and
in particular finitely generated free pro-C groups, are finitely presented as
pro-finite groups. This implies that a pro-C group is finitely presented as a
pro-C group if and only if it is so as a pro-finite group.
Let C be a class of finite groups which is closed under taking subgroups,
quotients, and extensions. If F F is the discrete free group on dd
 4generators, X x , . . . , x , we look at the pro-C topology of F for which1 d
Ž .all the finite index normal subgroups N of F with FN	 C serve as a
fundamental system of neighborhoods of the identity. The completion of F
with respect to this topology is the free pro-C group on d generators,
ˆ ˆŽ .denoted F C . If C is the class of all finite groups, we simply write F . Itd d
ˆ Ž .is easy to see that F C has the universal property of the free object on Xd
in the category of pro-C groups.
Ž .If G is a pro-C group generated topologically by d elements, write
ˆ ˆŽ . Ž . Ž .d G  d and G is then a quotient of F C . If 1 R F C G 1d d
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is an exact sequence and Y is a subset of R such that R is the minimal
ˆ Ž .closed normal subgroup of F C containing Y, then we say that Y is a setd
 4of relations defining G w.r.t. the generators X x , . . . , x and we write1 d
² :G X ; Y . G is said to be finitely presented if it has a presentation
² :X ; Y where both X and Y are finite. Note that unlike the discrete case,
elements of Y are not necessarily finite words in x , . . . , x . So, combina-1 d
torial methods, which are very effective in the study of discrete presenta-
tions, are not available here.
Recall that a pro-finite group P is called projectie if every exact
sequence of the pro-finite group 1 A B P 1 splits; i.e., there is
a continuous homomorphism  : P B such that   id. Recall that
being pro-finite projective is the same as being pro-C projective if P is a
Ž  .pro-C group cf. G1; W, Cor. 11.2.3 .
PROPOSITION 1.1. A finitely generated projectie pro-finite group is finitely
presented.
Ž .Proof. Assume that P is projective with d P  d. Write
 1 R F P 1Ž .
ˆwhen F F and  is an epimorphism from F onto P. As P is projective,d
Ž . Ž . splits and we have  : P F with   id and now F R  P .
Ž . 1Let x , . . . , x be generators of F, y   x , and z  x y , i1 d i i i i i
1, . . . , d. Let K be the normal closure of z , . . . , z . As z 	 R, K is1 d i
Ž .contained in R. On the other hand, K   P is a closed subgroup of F
containing all x , i 1, . . . , d, whence it equals F. This shows that K R.i
²  :Thus x , . . . , x z , . . . , z is a presentation for P.1 d 1 d
We thank Laci Kovach for the above argument, which simplifies our
original one.
Note that the proof shows more than is claimed. In fact, we proved
Ž .COROLLARY 1.2. If P is a projectie pro-finite group with d P  d, then
² :    P can be written as P X : Y , with X  d and Y  d.
Ž  Recall now the result of Gruenberg G1, Theorem 1 ; see also W, Cor.
.11.2.3 that a free pro-C group is a projective pro-finite group. Thus Ker
ˆ ˆŽ Ž ..F  F C is generated as a closed normal subgroup by at most dd d
elements. So, we have
ˆ Ž .COROLLARY 1.3. F C is finitely presented as a pro-finite group.d
COROLLARY 1.4. Let G be a finitely generated pro-C group. Then G is
finitely presented as a pro-C group if and only if it is finitely presented as a
pro-finite group.
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ˆ ˆ ˆŽ . Ž Ž ..Proof. Assume d G  d and G F R. If KKer F  F C ,d d d
then R contains K since G is pro-C. Now, K is finitely generated as a
Ž .normal subgroup by 1.1 . So, R is finitely generated as a normal subgroup
ˆof F if and only if RK is finitely generated as a normal subgroup ofd
ˆ ˆ Ž .F K F C . This proves the corollary.d d
Ž Ž ..We finally note and postpone the explanation to 3.4 that some free
ˆ ˆŽ . Ž .pro-C groups F C , such as the free pro-p group F p , need d relations,d d
ˆ Ž . Ž .while others, for example F S the free pro-solvable group , need onlyd
one relation.
ŽLet us recall that a field K is called a PAC field a pseudo algebraically
. Ž  closed field if every irreducible K-variety has a K-rational point see FJ
.and the references therein . It is known that the absolute Galois group of
a PAC fields is projective and that every projective pro-finite group is the
absolute Galois group of some PAC field. We therefore have
Ž .COROLLARY 1.5. If K is a PAC field and G K , the absolute Galois
group of K , is finitely generated, then it is finitely presented.
Ž .A last remark seems to be of interest: A closed subgroup of a
 projective pro-finite group is projective W, Cor. 11.2.4 . Thus if P is a
finitely generated projective group then it has the property that every
finitely generated subgroup of P is finitely presented. This is a pretty rare
property for discrete groupsit is known to hold for hyperbolic groups,
Ž .3-manifold groups, poly-cyclic groups, etc. But SL  does not have it4
since it contains F  F which has finitely generated subgroups which are2 2
Ž .not finitely presented. It is an open problem whether SL  has this3
property.
¨2. APPLICATIONS OF THE GASCHUTZ LEMMA
In this section, answer Questions 1 and 2 of the Introduction, postpon-
Žing the detailed answer to Question 3 to the next section see Theorem
.3.6 .
The answers to Questions 1 and 2 depend on the Gaschutz Lemma,¨
 which was proved by Gaschutz Ga for finite groups and later was¨
Ž  .extended to pro-finite groups cf. FJ, 15.30 . It plays an important role in
the theory of pro-finite presentations.
LEMMA 2.1. Let  : GH be a continuous epimorphism from a finitely
Ž .generated pro-finite group G onto H. Assume d G  d and let z , . . . , z be1 d
Ž .d elements of H possibly with repetitions which generate H. Then there exist
Ž .y , . . . , y in G that generate G and  y  z for eery i 1, . . . , d.1 d i i
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The following application is very useful.
ˆ Ž .PROPOSITION 2.2. Let F F C be a free pro-C group on d generatorsd
and  : FG, i 1, 2, be two epimorphisms from F onto a pro-finite groupi
G. Then there exists an automorphism 	 : F F such that    	 ; i.e.,2 1
the diagram
F

	  1


GF  2
is commutatie.
Proof. Let x , . . . , x be the free generators of F and write z 1 d i
Ž . Ž . x , i 1, . . . , d. Choose by 2.1 , generators y , . . . , y to F with2 i 1 d
Ž . y  z , i 1, . . . , d. As F is free, there is a homomorphism, actually1 i i
Ž .an epimorphism, 	 : F F with 	 x  y , and thus  	  . But 	i i 1 2
is an automorphism since every epimorphism from a finitely generated
Ž pro-finite group onto itself is an automorphism see Ri, Proposition 7.6,
.p. 68 .
So, the proposition says that there is only one way, up to an automor-
phism of F, to present G as a quotient of F. This is in contrast to the
situation with discrete groups. The study of the different ways to express G
as quotients of F was initiated by Neumann in his thesis in the mid-1930s
Ž  . Ž  .see NN and it is called T-systems see D1, D2 . So in this language, for
pro-finite groups there is always a unique T-system.
It is clear now that the answer to Question 1 is affirmative in the
category of pro-finite groups.
 i COROLLARY 2.3. If 1 R  F G 1, i 1, 2, exact sequencesi
Ž . Ž .with F a finitely generated free pro-finite group, then d R  d R .F 1 F 2
Proposition 2.2 tells us that there is, essentially, a unique presentation of
G as a quotient of one given free pro-finite group F. We now show that
this holds even in a stronger form:
ˆŽ .PROPOSITION 2.4. Let G be a pro-finite group with d G  d. Let F Fd
be a free pro-finite group on d generators with d
 d. If  : FG is an
ˆ ˆ ˆepimorphism, then F has a decomposition as a free product F  F Fd d dd
ˆ Ž .such that  is onto and  F is triial.Fˆ ddd
Proof. Let z , . . . , z be a set of generators for G. The d triple1 d
Ž .z , . . . , z , e, . . . , e e is the trivial element of G taken d d times , also1 d
Ž .generates G. By 2.1 we can find d generators y , . . . , y for F with1 d
Ž . Ž . y  z for i 1, . . . , d and  y  e for i d 1, . . . , d. Now, as Fi i i
as free on d generators, y , . . . , y are also free generators and F can be1 d
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ˆ ˆ ˆŽ . Ž .written as a free product F F  F y , . . . , y F y , . . . , y , asd 1 d d1 d
promised.
We deduce now that Question 2 also has an affirmative answer.
Ž . Ž .COROLLARY 2.5. If G is a pro-finite group with d G  d and r G  r,
² :    then G has a presentation G X ; Y with X  d and Y  r.
² :  Proof. Let G X , Y  be a presentation of G with Y   r and
ˆ  Ž .X   d
 d. So G F R and Y  R. By 2.4 we can decomposed
ˆ ˆ ˆ ˆ ˆ ˆF as F F such that  : F G is factored through  : F  F . Ifd d dd d d d
ˆŽ .we take now R to be the normal closure of Y  Y  in F , then clearlyd
ˆ Ž .G F R and we have a presentation of G with d G generators andd
Ž .r G relations.
3. RELATION MODULES
Ž .If  1 R FG 1 is a presentation of G, then by dividing R
Ž .by its closed commutator R we get
1 RR FRG 1.
Now, FR acts on R RR by conjugation, but since RR is abelian
this action factors through G and R RR is an abelian G-module.
ˆ   More precisely,  G -module in the discrete category and  G -module in
ˆ ˆ   the pro-finite category, when  G  lim  G if G lim G . i  i
Much of the theory of group presentations deals with the study of the
module R which is called the relation module of G with respect to the
Ž .presentation  .
Ž . Ž .It is easy to see that d R  d R . It is a long-standing open problemG F
whether this inequality can ever be strict in the discrete category when G
is finite. If G is infinite, then examples are known for infinitely related
Ž Ž . . Ž .groups i.e., d R   with d R  .F G
We give now the complete answer for pro-finite groups in the pro-finite
category.
THEOREM 3.1. Let F be a finitely generated free pro-finite group and
G FR. Then,
  40 if R e
  4  41 if R e but R 0d R Ž .F d R otherwise.Ž .G
 4 Ž .  4  4Proof. If R e , clearly d R  0. Assume R e but R 0 .F
This means that R is a non-trivial closed normal subgroup of F without
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Žany abelian quotient such normal subgroups do indeed existsee below
.although in the discrete category this is impossible . Let 
 be the
collection of all the maximal normal subgroups N of R, i.e., N	 
 iff N
Ž .is closed, normal in R, and RN is a non-abelian finite simple group.
Let M be the intersections of all the N ’s in 
. It is easy to see that a
subset Y of R generates R as a normal subgroup of F iff it generates it
modulo M. Now, RM is a direct product of finite non-abelian simple
Ž .groups maybe with a lot of repetitions , say RMŁ S , where eachi	 I i
S is a non-abelian finite simple group. Let y be an element of R whosei
projection to RM has a non-trivial entry in S for every i. Clearly, thei
Ž .normal closure of y in RM is RM, which proves that d R  1.F
 4Assume now that R 0 . Let as before 
 be the family of all maximal
  4 Ž .normal subgroups of R and M N N	 
 . This time RM Si
 A when A is an abelian group and S are non-abelian simple groups. Ai
is a G-module which is a quotient of R. So if y , . . . , y are generators for1 r
Ž  4  4.R r
 1 as A 0 since R 0 the projections y , . . . , y in A gener-1 r
ate A as a G-module. Again choose y	S , which is non-trivial in everyi
Ž . Ž .component. Then it is easy to see that the r elements y, y , e, y , . . . ,1 2
Ž .4 Ž .e, y generate RM as an F-group. Thus d RM  r, and since asr F
Ž . Ž . Ž . Ž .before d R  d RM we deduce that d R  r d R .F F F G
 Ž . ŽThe proof given here simplifies an argument given in GK, 1.1 see
 .  Ž . Ž .also G2, 2.8 . It should, however, be mentioned that GK, 1.3 and 1.4
Ž . Ž . Ž .claim that d R  d R . This is true provided R R i.e., R 0 . ForF G
a finite group G, this is indeed always the case, but there are G’s for which
 4  4 Ž . Ž .R e but R 0 . For those G’s, d R  1 while d R  0. TheF F
ˆ Ž .easiest example is G F S , the free pro-solvable group on d generators.d
ˆ ˆ Ž . Ž .If  : F  F S is the canonical epimorphism and RKer  , thend d
R R since otherwise FR is a pro-solvable quotient of F larger than
ˆ Ž .F S , which is impossible. More generally, if N is any normal subgroup ofd
Ž . ŽF, it has a maximal pro-solvable quotient N S , and again RKer N
Ž .. ŽN S is a normal subgroup of F, with R 1 as F does not have
 .  4pro-solvable normal subgroups LvdD and RR 0 by the argument
above.
In the next section we will characterize exactly for what G’s and d’s we
ˆhave R R when G F R.d
ˆ Ž . Ž .The above discussion shows that for G F S we have r G  1 whend
Ž .r G is the minimal number of relations. Note that G is a projective
Ž . Ž .pro-finite group, so already from 1.2 we know that r G  d. We will see
ˆ Ž .later that other projective groups, such as F p , need d relations.d
We turn now to a more careful analysis of the relation module.
 Recall that if G is a pro-finite group, its order G is a super-natural
 number. A prime p does not divide G iff, for every finite quotient G of0
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Ž  .    G, p, G  1. Let  G be the inverse limit of  G if G lim G0 p p i  i
and  the field of p elements.p
ˆPROPOSITION 3.2. Let G F R be a pro-finite group as before.d
 Assume that p does not diide G , then RpR is isomorphic as G-module
 d1to  G   .p p
Ž  .Proof. By a theorem of Gaschutz cf. G2, 2.9 this is the case in the¨
discrete category for finite groups G. It follows immediately for finite
groups in the pro-finite category.
Let us now consider the general case: Assume R R , where Ri i i
ˆ ˆare normal open subgroups of F . So G  F R is a finite group, Gd i d i
ˆ p ˆ  p ˆ p ˆ  plim G , and F RR  lim F R R . If  : F RR  F R R is i d  d i i i d d i i
the natural projection, then  is clearly surjective. We claim that, underi
pŽ .the assumption of the proposition,  : R p  RRR  R R Ri i i
Ž . Ž . Ž Ž ..R p is also surjective, since R p resp. R p is the unique p-sylowi i
p pˆ ˆŽ . Ž . Ž .subgroup of F RR resp., F R R . Furthermore,  : R p  R pd d i i i i
 is an  G -morphism. Since the proposition holds for the finite groupsp
G , by inverse limit argument it holds also for G. Indeed, for every i, let Xi i
Ž . Ž . Ž .be the set of n-tuples x , . . . , x , y 	 R p such that a y is a1 n1 i
Ž .non-trivial fixed vector of G b for every i 1, . . . , n 1 the G -modulei i
  Ž . Ž .generated by x is isomorphic to  G , and c R p is a direct sumi p i i
n1      G x   G y. For every i, X is a non-empty finite set. Thep i j p i ij1
Ž . Ž .projections R p  R p induce the maps X  X . As the inversei i i i
Ž .limit of finite sets is non-empty, we can find x , . . . , x , y 	 lim X˜ ˜ ˜i n1  i
Ž .  such that x , . . . , x , y	 R p ;  G x is a free module for i˜ ˜ ˜ ˜1 n1 p i
n1     1, . . . , n 1; y is fixed by  G ; and R p   G x   y.˜ ˜ ˜p p i pj1
ˆŽ Ž ..COROLLARY 3.3. r F p  d.d
ˆŽ . Ž Ž ..Proof. By 1.2 , r F p  d, and, by applying Proposition 3.2 ford
Ž .RqR when q is a prime different than p, we deduce that d R 
 d andG
ˆŽ Ž ..hence that r F p  d.d
In fact, the above discussion shows
PROPOSITION 3.4. Let C be a class of finite groups closed under sub-
groups, quotients, and extensions. Then,
0 if C F , the class of all finite groups.ˆr F C Ž . 1 if p	 C for eery p but C F .Ž .d 
d otherwise.
The proof is left to the reader.
We turn now to the comparison of different relation modules of the
same group. Note that all relation modules of G with respect to the same
Ž .F are isomorphic by 2.2 .
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ˆ ˆPROPOSITION 3.5. Let G F N and G F R when e
 d. Denoted e
ˆ     R R R, R and NN N, N . Then as  G -modules we hae R
edˆ N  G .
Remark. This result is known for finite groups in the discrete category
Ž  .cf. G2, Theorem 5.18 and therefore is also true in the pro-finite
category for finite groups. We cannot simply use inverse limit arguments to
deduce this for general pro-finite groups, as we did in Proposition 3.2. As
we said there, if RR , then R lim R , but we do not know, and ini  i
general it is not true, that  : R R is onto. Think for example on thei i
 4case R e . So, we cannot automatically deduce a result on R from the
R . We will use instead Proposition 2.4 and an explicit description ofi
the maps in the inverse limits.
ˆ ˆProof. By Proposition 2.4 and 2.2 we can decompose F as F e e
ˆ ˆ ˆ ŽF F so that R is the normal closure in F of the union of N which isd ed e
ˆ ˆ.normal in F and F . Write RR when R are open normald ed 	 	
ˆ ˆsubgroups of F and N  R  F . It is easy to see that N is also thee 	 	 d 	
ˆ ˆprojection of R under the natural map from F to F . Fix 	 and let	 e d
ˆ ˆ  4G  F R  F N . Choose a Schrier transversal T  g , i	 e 	 d 	 i
  Ž1, . . . , G as a set of representatives for G choose them as words in	 	
.x , . . . , x , the free generators of F . Let l e d and y , . . . , y be free1 d d 1 l
ˆ Ž  .generators for F . By Schrier’s Theorem cf. LS, Proposition 3.7, p. 15ed 1 1
 the elements g x g x , 1 i G and 1 j d, and g y g y , 1 ii j i j 	 i j i j
  G and 1 j l, form a set of generators for R , when we use the	 	
notation w for the representative of w in T. Those which are different
than e form a free basis for R . Note now that, for every i and for every	
11 j l, g y g since y 	 R , and clearly g y g  e. Moreover,i j i j 	 i j i
   looking modulo R , R , we get that R  R  R , R is a direct sum of	 	 	 	 	 	
   N  N , N and a complement B . N  N , N is generated by	 	 	 	 	 	 	1
 g x g x , i 1, . . . , G and j 1, . . . , d and the complement B isi j i j 	 	
1  generated by g y g , i 1, . . . , G and j 1, . . . , l. Clearly, B is a freei j i 	 	
ˆ  G -module on the basis y , . . . , y .	 1 l
Let us now take the inverse limit G lim G and 	
   R R R , R  lim N  N , N  BŽ .	 	 	 	
	
  limN  N , N  limB	 	 	 	 
	 	
llˆ ˆ     N N , N  lim G N  G ,	
	
and the proposition is proved.
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We can answer now Question 3 of Gruenberg cited in the Introduction.
ˆŽ .Let G be a pro-finite group with d G  d and G F R. Writed
Ž .A A G  RR, the minimal relation module for G. Let 1 R  Fi di
G 1, i 1, 2, be two presentations of G; assume d 
 d .1 2
Ž . Ž . Ž .THEOREM 3.6. d  d R  d  d R unless d  d  d, A G1 F 1 2 F 2 1 21 2ˆ 4 Ž . Ž . 0 , and G F , in which case d  d R  d and d  d R d 1 F 1 2 F 21 2
d 1.
Ž .  4 Ž .  4Proof. Assume first that A G  0 . By 3.5 , R  0 for i 1, 2i
Ž . Ž . Ž . Ž .and hence, by 3.1 , d R  d R . Now it follows from 3.5 thatF i G ii
Ž . Ž Ž .. Ž . Ž Ž .d R  d A G  d  d. Hence d  d R  d  d A G G i G i i F i i Gi
Ž Ž ..d  d d d A G is independent of i.i G
ˆŽ .  4 Ž .Assume now that A G  0 . If G F , then it follows from 2.4 thatd
Ž . Ž .d  d R  d  d  d  d, again independent of i. So assume thati F i i i
ˆŽ .  4 Ž . Ž .A G  0 and G F . Now when d  d, then by 3.2 d  d R  dd 2 2 Fd2
Ž .  4 Ž .1. On the other hand, if d  d, then by 3.5 R  0 , so 3.1 implies1 1
Ž . Ž . Ž . Ž .now that d R  d R , and now by using 3.5 again d R  d  d.F 1 G 1 G 1 1d1
Ž . Ž . Ž .Thus d  d R  d  d  d  d d  d r  1, as claimed. Fi-1 F 1 1 2 F1 1
nally, if d  d, then the above argument works for d , just as it works for2 2
d and again1
d  d R  d  d R  d.Ž . Ž .1 F 1 2 F 21 2
This finishes all parts of Theorem 3.6.
4. d-ABELIAN-INDEXED GROUPS
In the previous section we saw that Gruenberg’s third question has a
ˆpositive answer for G F R unless R R. In this section, we deter-d
mine exactly for which groups G and for which presentations of G,
R R.
Ž .Notations 4.1. For a pro-finite group H, denote by H the closed
Ž .commutator subgroup of H and by K H the kernel of the map from HS
Ž . Ž .to H S , when H S denotes the maximal pro-solvable quotient of H.
Ž .DEFINITION 4.2. a A pro-finite group G is called d-abelian-indexed
Ž . Ž .resp., d-solable-indexed if d G  d and, for every open subgroup H of
ˆ r Ž Ž .G, HH  resp., HK H is isomorphic to the free pro-solvableS
ˆŽ .. Ž . group or r generators F S , where r 1 d 1 G : H .r
ˆ Ž .EXAMPLE 4.3. The free pro-solvable group F S is d-solvable-indexed.d
Clearly, every d-solvable-indexed group is d-abelian-indexed.
A d-abelian-indexed group is an e-freely-indexed group in the terminol-
 ogy of LvdD .
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ˆ ŽLEMMA 4.4. Let G F R, then G is d-abelian-indexed resp., d-sola-d
ˆ.ble-indexed if and only if , for eery H open in F , if H contains R then Hd
Ž Ž ..resp., K H also contains R.S
ˆ ˆŽ . Ž .Proof. If H is an open subgroup of F then HK H  F S andd S r
ˆ r ˆŽ . HH  when r 1 d 1 F : H . So, if H contains R, then thed
Ž .same holds over R iff R is contained in K H or H, respectively. ThisS
Žproves the lemma. We are using the well-known fact that a finitely
generated pro-finite group cannot be isomorphic to a proper quotient
.of it.
The reader should note that the collection of d-solvable-indexed groups
ˆ Ž .is quite limited. For example, such a G should be mapped onto F S , thed
free pro-solvable group on d generators. It implies in particular that if G
is generated by x , . . . , x , then the abstract group generated by them must1 d
ˆŽ Ž . .be free as their images generate F S topologically . Thus, if there isd
Ž .some standard relation i.e., a finite word among the x , . . . , x , G is not a1 d
d-solvable-indexed group.
ˆPROPOSITION 4.5. Let F be the free pro-finite group on d generators,d
ˆ ˆRF be a closed normal subgroup, and G F R. Then the following ared d
equialent:
Ž .a G is a d-solable-indexed group,
Ž .b G is a d-abelian-indexed group, and
Ž .c R R.
Ž . Ž .Proof. That a  b is clear as the commutator quotient of the free
ˆ ˆ rŽ .pro-solvable group F S is  .r
Ž . Ž .b  c . Assume R R, then there exists a closed subgroup M0
normal and of finite index in R with RM abelian and non-trivial. Let0
1 ˆ  4M g M g g	 F , then M is also of finite index in R, RM is0 d
ˆ ˆabelian, and M is normal in F . Look at F M; in this pro-finite group wed d
can find a normal subgroup H whose intersection with RM is trivial.1
ˆ ˆThe pre-image of H in F , let’s call it H , is a normal subgroup of F1 d 0 d
with H  RM. Let HH  R. Then HH H RH  RRH0 0 0 0 0 0
 RM. We therefore get an abelian quotient of H, in which the image of
R is non-trivial. This implies that RH. By Lemma 4.4, we deduce that
G is not d-abelian-indexed.
ˆŽ . Ž .c  a . Let H be an open subgroup of F containing R. By Lemmad
Ž . Ž . Ž .4.4, it suffices to prove that R K H . If not, then R  K H  K HS S S
Ž . Ž . Ž .and hence R  K H K H  RR K H is a non-trivial group. ButS S S
Ž .this is a subgroup of HK H and hence is a pro-solvable group. ThisS
shows that R has a non-trivial pro-solvable quotient and hence a non-
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trivial abelian quotient, in contradiction to our assumption that R R.
This finishes the proof of the proposition.
We can now reformulate and restate Theorems 3.1 and 3.6 to give a
complete answer to Gruenberg’s third question.
ˆTHEOREM 4.6. Let F F be the free pro-finite group on d-generators,d
ˆ ˆRF , and G F R. Then:d d
Ž . Ž . Ž .a d R  d R when R RR, unless G is d-abelian-indexedF G
ˆ Ž . Ž .and not F , in which case d R  1 and d R  0.d F G
ˆŽ .b If 1 R  F G 1, i 1, 2, are two presentations for Gi di
Ž . Ž .with d 
 d , then d  d R  d  d R unless G is a d-abelian-in-1 2 1 F 1 2 F 2d d1 2ˆdex and not isomorphic to F and d  d  d. In this exceptional cased 1 2
Ž . Ž .d  d R  d, while d  d R  d 1.1 F 1 2 F 2d d1 2
5. COHOMOLOGICAL CHARACTERIZATION OF
FINITELY PRESENTED GROUPS
Ž . Ž .Let G be a finitely generated pro-finite group with d G  d. Let r G
be the minimal number of relations in any presentation of G as a quotient
of a finitely generated free pro-finite group. We saw in Corollary 2.5 that
ˆŽ .r G can be realized by a presentation with d generators, 1 R F d
Ž . Ž .G 1. In 4.6 and 3.1 we showed that
ˆ1 if G is d-abelian-indexed and not F ,dr G Ž . ½ d R otherwise.Ž .G
Ž .THEOREM 5.1. Let G be a finitely generated pro-finite group, with d G 
ˆd and 1 R F G 1 a presentation for G. Thend
2 1dim H G , M  dim H G , MŽ . Ž .
d R  sup sup  d  ,Ž .G M½ 5dim Mp M
 when M runs oer all the finite  G -simple modules,   0 if M is triialp M
 and 1 if M is non-triial, and for a real number q, q denotes the smallest
integer which is at least q.
Proof. We separate the proof into a few lemmas.
ˆLEMMA 5.2. Let 1 R F G 1 be a presentation of G. Denoted
pŽ . Ž .R RR and, for a prime p, R p  RRR where R is the closed
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p Ž .commutator subgroup of R and R is the closed subgroup generated by the
p-powers in R. Then
Ž . Ž . Ž Ž ..i d R  sup d R p ,G p G
lŽM .Ž . Ž Ž .. Ž .ii d R p  sup d M , where M runs oer all the finiteG M G
  Ž . lŽM .irreducible  G -modules and l M is the maximal integer such that Mp
Ž .is a quotient module of R p .
Ž .Proof. Part i follows from the fact that R is a pro-finite abelian group
Ž .and as such is generated by any subset whose projection generates R p
for every p.
Ž .  ii If J is the Jacobson ideal of  G , the completed group algebrap
Ž Ž .. Ž Ž ..of G over  , then d R p  d R p and by the Nakayamap G  G p
Lemma
d R p  d R p JR p .Ž . Ž . Ž .Ž . Ž . G   G p p
lŽM .Ž . Ž .Now, R p JR p  M , and every subset of it whose projectionM
lŽM . lŽM .generates M for every M generates  M .M
 Let now M be a fixed  G -simple module of finite dimension over  .p p
Ž .Denote EHom M, M , then E is a finite field extension of  ofG p
dimension, say, e , and M is an E-module, say M ErM . It is not difficultM
1Ž .to see from the projective resolution description of H G, M and
2Ž . Ž  Ž .. 1Ž .H G, M that both are E-modules see G2, 2.4 . Denote H G, M 
sM 2Ž . tME and H G, M  E and let
0 if M  ,p
 M ½ 1 if M  .p
Ž . Ž .LEMMA 5.3. l M  r d   s  t .M M M M
ˆProof. Look at M as F F -module and write the HochschildSerred
spectral sequence corresponding to the extension 1 R FG 1.
G1 R 1 1 0H G , M H F , M H R , MŽ . Ž . Ž . Ž .
H 2 G , MR H 2 F , MŽ . Ž .
Ž . 2Ž .  4Now, note that F is free and hence projective and so H F, M  0 .
In addition, MRM; i.e., M is a trivial R-module and hence
G1H R , M Hom R , M Hom R p , MŽ . Ž . Ž .Ž .G G
Hom MlŽM . , M  ElŽM . .Ž .G
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Also,
d  dim M if M is the trivial module,1dim H F , M Ž . ½p d 1 dim M M is non-trivial.Ž .
Ž . Ž .Now recall dim E  e and dim M  r , so M E Mp
dim H 1 G , MR  e s and dim  H 2 G , M  e t .Ž . Ž . M M p M Mp
Ž .Now  gives
e s  d  e r  e l M  e t  0,Ž . Ž .M M M M M M M M
Ž . Ž .so l M  t  d  r  s , as claimed.M M M M
Note that:
Ž . rMi M is the maximal power of M which appears as a quotient of
  Ž   . r  G . Indeed, if M occurs r  times then Hom  G , M  E , butp  G  pp
Ž   . rMat the same time Hom  G , M M E , and hence r  r . G  p Mp
Ž . Ž lŽM .. lŽM .ii d M is equal to the smallest integer k such that MG
 kappears as a quotient of  G .p
Ž . Ž . Ž lŽM ..  Ž .   Now i and ii imply that d M  l M r when q denotes,G M
for a real number q, the smallest integer which is at least q.
We can now deduce
LEMMA 5.4.
2 1dim H G , M  dim H G , MŽ . Ž . p plŽM .d M   d  .Ž .G Mdim M
 Ž . Proof. By Lemma 5.3 and the remark above, l M r  d  M M
Ž .  2 Ž .t  s r . Recall now that t  dim H G, M , s M M M M E M
1Ž .dim H G, M , and r  dim M. Lemma 5.4 is now proved, as well asE M E
Theorem 5.1.
Remark. The proof of Theorem 5.1 follows to a large extent the proof
Ž .  of Proposition 7.11 ii of G2 , which is the corresponding result for a finite
group G. We have replaced the use of the Gaschutz Theory with the¨
HochschildSerre spectral sequence.
Ž . Ž Part a of the following corollary of Theorem 5.1 is well-known cf. Se,
.Sect. 4.3 .
Ž .COROLLARY 5.5. Let G be a finitely generated pro-p group with d G  d.
Ž . Ž Ž ..Let r G resp., r G be the number of relations needed to present G as ap
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Ž .pro-p resp., pro-finite group. Then:
Ž . Ž . 2Ž .a r G  dim H G,  ,p  pp
Ž . Ž .  2Ž .4b r G max d, dim H G,  . pp
Ž . Ž .Proof. Let us start with b , as G is not a d-abelian-indexed r G 
ˆŽ .d R when 1 R F G 1. Now, if q p, then for every i 0G d
  iŽ .and every simple  G -module, H G, M  0, and for q p, the onlyq
simple G-module is the trivial one M  . Hence Theorem 5.1 givesp
r G  sup d , dim H 2 G ,  .Ž . Ž .½ 5 pp
ˆŽ . Ž .Now for a , note that if 1N  p G 1 is a pro-p presentationd
Ž . Ž .  of G, then r G  d NN . As M  is the only  G -simplep G p p
module, the proof of Theorem 5.1 shows that
r G  dim H 2 G ,   dim H 1 G ,   dŽ . Ž . Ž .p  p pp
 dim H 2 G ,  .Ž . pp
ŽOne can also see that Theorem 5.1 implies Proposition 1.1 and its
. Ž .corollaries in Section 1 as well as Proposition 3.4 and Corollary 3.3 .
We end up with the following corollary:
COROLLARY 5.6. A finitely generated pro-finite group is finitely presented
if and only if there is a constant C such that, for eery prime p and for eery
 finite simple  G -module,p
dim H 2 G , M  C  dim M .Ž . p
6. PROFINITE PRESENTATIONS OF FINITE GROUPS
Let G be a finite group. There is a quite elaborate theory of presenta-
tions of finite groups in the discrete category. Unlike the situation with
pro-finite presentations, two different presentations of G by the same free
group F need not be equivalent by an automorphism of F. In fact, if
Ž .K G is the set of all normal subgroups N of F with FN isomorphic toF
Ž .G, then Aut F acts on K G . The orbits, i.e., the equivalent classes, areF
Ž  .called ‘‘T-systems’’ see D1, D2 . There are examples with an arbitrary
  Ž . Ž .number of T-systems D1 , but if G is solvable and d F  d G then
Ž .  there is just one T-system; i.e., Aut F acts transitively D3 . As we saw in
ˆŽ . Ž .Proposition 2.2, Aut F acts transitively on K G . This implies somethingFˆ
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also for the discrete category: it implies that if FR G for i 1, 2 andi
ˆ ˆ R  R  R , R then  R   R as G-modules, which means thati i i i 1 2
R is in the same genus of R . This is a known result: see G2, Theorem1 2
Ž .  Ž .5.5 ii . Similarly, G2, Theorem 5.5 iii can also be seen easily by our
approach; a relation module, whose ambient free group has rank k, lies in
kdŽG . the genus of R  G , where R is any minimal relation module.
 Similarly, G2, Proposition 5.7 , which is equivalent to the assertion that
ˆŽ . Ž .d  R  d F is an invariant of G, follows easily from our TheoremG
Ž Ž .  4 .3.6 since A G  0 ; see there .
Ž  .The deeper theorem of Gruenberg see G2, Cor. 7.9 says:
Ž . Ž .THEOREM 6.1. d R  d F is an inariant of G.G
Ž  .Proof. By a result of Swan see G2, 7.8 , R is a Swan module; i.e.,
  Ž . Ž .there exists a prime p dividing G , such that d R  d RpR . SinceG G
Ž . Ž . Ž .d RlR  d R for every prime l, we can deduce that d R G G G
ˆ ˆŽ .d  R . Now, for a finite group G, Z R is exactly the relationG
ˆmodule for G if we replace F with F. Now Theorems 3.1 and 3.6 finish
the proof.
Note that we were not able to prove the last result while bypassing the
theory of integral group representations, as we used Swan’s Theorem.
Pro-finite presentations give the ‘‘local’’ theory of discrete group presenta-
tions of finite groups but cannot be expected to capture the ‘‘global’’
theory.
Sometimes this is still very useful. Let us recall here briefly a case where
pro-finite presentations led to a solution of a problem on finite groups: In
 M Mann studied a conjecture posed by Pyber and himself asserting that
there exists a constant c such that the number of d-generated finite
groups of order n is bounded by ncd log n. Mann showed that this conjec-
ture would be proved once one proves
Conjecture 6.2. There exists a constant c such that every d-generated
finite group of order n has a presentation with at most cd log n relations.
Ž Ž .This conjecture is still open though it was proved loc. cit. for ‘‘most’’
.  finite groups . In L , we replaced ‘‘presentation’’ with ‘‘pro-finite presen-
tation’’ and proved
THEOREM 6.3. There exists a constant c such that eery d-generated finite
group of order n has a pro-finite presentation with at most cd log n relations.
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We will not repeat the proof, but just mention that the key point is
PROPOSITION 6.4. Let G be a finite group and F a finitely generated
ˆdiscrete free group. Assume G FR, and let F be the pro-finite completion
˜ ˆof F and R the closure of R in F. Then,
ˆ ˜Ž .i FRG,
˜ ˜ ˜ ˜Ž . Ž . Ž  . Ž  .ii d R  d R R, R  d R R, R .Fˆ G G
Ž . Ž . Ž .Proof. Part i is clear. Part ii follows from 3.1 and Swan’s theorem
mentioned above.
˜Ž .Thus the number d R of pro-finite relations for the group G is equalFˆ
Ž  .to the number of generators d R R, R of the discrete relation mod-G
Ž .ule. While it is quite difficult to evaluate d R , it is much easier toF
Ž  .evaluate d R R, R . Thus we were able to prove Theorem 6.3, whileG
Conjecture 6.2 is still open.
Luckily, the arguments of Mann still work when ‘‘presentation’’ is
replaced with ‘‘pro-finite presentation,’’ and we were able to prove
Ž .THEOREM 6.5 L . There exists a constant c such that the number of
d-generated finite groups of order n is at most ncd log n.
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